Let p n /q n = [a 0 ; a 1 , . . . , a n ] be the n-th convergent of the continued fraction expansion of e 1/s , where s ≥ 1 is some integer. Elsner studied the case s = 1 in order to prove arithmetical properties of every third convergent p 3n+1 /q 3n+1 for Euler's number e = [2; 1, 2k, 1 ] ∞ k=1 . Komatsu studied the case for all s ≥ 2 to prove those of every third convergent p 3n /q 3n for
Introduction
Let p n /q n = [a 0 ; a 1 , . . . , a n ] be the n-th convergent of the continued fraction expansion of [a 0 ; a 1 , a 2 , . . . ]. The p n 's and q n 's satisfy the recurrence relation:
p n = a n p n−1 + p n−2 (n ≥ 0), p −1 = 1, p −2 = 0, q n = a n q n−1 + q n−2 (n ≥ 0), q −1 = 0, q −2 = 1.
They also satisfy p n q n−1 − p n−1 q n = (−1) n−1 , p n q n−2 − p n−2 q n = (−1) n a n and so on.
The number e 1/s (s = 1, 2, . . . ) has many significant arithmetical properties. Elsner [1] studied the case s = 1 of Euler's number e = [2; 1, 2k, 1 ] ∞ k=1 , finding that every third convergent also has the similar characteristic relations to the original convergents. Putting P n = p 3n+1 , Q n = q 3n+1 (n ≥ 0), P −1 = P −2 = Q −1 = 1, Q −2 = −1, P −n = P n−3 and Q −n = −Q n−3 (n ≥ 0), then for any integer n, P n = 2(2n + 1)P n−1 + P n−2 , Q n = 2(2n + 1)Q n−1 + Q n−2 , P n−1 Q n − P n Q n−1 = 2(−1) n−1 , P n−2 Q n − P n Q n−2 = 4(2n + 1)(−1) n and some similar properties. Komatsu [3] studied the cases s ≥ 2 of
and some more similar properties. Though there are many properties of such leaping convergents, P n or Q n themselves have not been explicitly known. In this paper we exhibit combinatorially explicit forms of such leaping convergents.
Consider the continued fraction expansion of
, where a and b are integers so that every ak + b is a positive integer for k = 1, 2, . . . , and c and d are positive integers. It is known [2, Theorem 1] that if we put P n = p 3n and Q n = q 3n (n ≥ 0), then for n ≥ 2 we have the recurrence relations
where S n = (cd + 1)(an + b) + c + d. However, none ofP n = p 3n+1 ,Q n = q 3n+1 ,P n = p 3n+2 andQ n = q 3n+2 satisfies such recurrence relations. But they satisfy some different types of relation. It is impossible to express p n or q n in a closed form in a general way because 2(an + b + 1) is not constant. Nevertheless, there exist general closed forms about P n and Q n , and evenP n ,Q n ,P n andQ n .
Combinatorial Expression of Leaping Convergents
As usual, binomial coefficients are defined by
Our main result is the following theorem. For simplicity, put S n = (cd+1)(an+b)+c+d. As usual, the empty product equals 1.
The 0-th convergent 1 may not be so important and some expressions may be awkward for this result. However, putting c = d = 1 in Theorem 1, we have the following corresponding results between the p's and q's.
and
Examples
Put a = 2s and b = −s − 1 in Corollary 1. Then we have the continued fraction expansion
. Let p n /q n be its n-th convergent. In addition, let p * n /q * n be the n-th convergent of the continued fraction expansion of e =
Note that all the six formulas for p * 
Proof of Theorem 1
We shall prove the results involving the q's by showing that the three recurrence relations
are valid, provided that the identities from the theorem for the q's on the right sides are valid. Proof involving the p's can be done similarly. Note the addition formula
and the symmetry identity
For simplicity, put K = a(k + 1) + b. It is easy to see that q 0 = 1, q 1 = a + b and q 2 = c(a + b) + 1. Suppose that the identities for q 3n−2 and q 3n−1 are valid for a positive integer n. Then we shall prove that q 3n = dq 3n−1 + q 3n−2 . This follows from
To see this, notice that if n is odd, then for k = n 2 − 1 we have ad(n − 2k − 1)
we have
Hence, we have the relation q 3n = dq 3n−1 + q 3n−2 .
Suppose that the identities for q 3n−1 and q 3n are valid for a positive integer n. We shall prove that q 3n+1 = (a(n + 1) + b)q 3n + q 3n−1 . We can see that
Hence, if n is odd, then
. If n is even, then by ca(n − k)
, in a similar way we obtain (a(n + 1) + b)q 3n + q 3n−1 = q 3n+1 .
Suppose that the identities for q 3n and q 3n+1 are valid for a positive integer n. Then we shall prove that q 3n+2 = cq 3n+1 + q 3n . Since
we have cq 3n+1 + q 3n = q 3n+2 . Notice that if n is odd, then cK
; if n is even, then (cd + 1)a(n − 2k)
.
Some More Recurrence Relations
We start by remarking thatP n = p 3n+1 ,Q n = q 3n+1 ,P n = p 3n+2 andQ n = q 3n+2 do not satisfy any recurrence relations of the type P n = S n P n−1 + P n−2 . They do, however, satisfy some different types of relations. In fact, such relations also hold for a more general continued fraction of [1;
, where each T i (k) (i = 1, 2, 3) takes a positive integer for k = 1, 2, . . . . Then for every integer n ≥ 2 we have
where V (n) = (T 1 (n)T 2 (n) + 1)(T 3 (n)(T 1 (n + 1)T 2 (n + 1) + 1) + T 2 (n + 1)) + T 1 (n)(T 1 (n + 1)T 2 (n + 1) + 1). 
The identity involving the q's is similar and omitted.
